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a b s t r a c t
We show that each integral infinitesimal block of parabolic categoryO (including singular
ones) for a semi-simple Lie algebra can be realized as a full subcategory of a modified
category O over a finite W-algebra for the same Lie algebra.
The nilpotent used to construct this finite W-algebra is determined by the central
character of the block, and the subcategory taken is that killed by a particular two-sided
ideal depending on the original parabolic. The equivalences in question are induced by
those defined by Miličić–Soergel and Losev.
We also give a proof of a result of some independent interest: the singular blocks of
parabolic categoryO canbe geometrically realized as ‘‘partialWhittaker sheaves’’ on partial
flag varieties.
© 2011 Elsevier B.V. All rights reserved.
One of the central pillars of modern representation theory is the category O of representations of a semi-simple Lie
algebra g defined by Bernstein et al. [4] and its generalizations. Among the remarkable phenomena which have arisen in
the study of these categories is the frequent appearance of unexpected equivalences of categories. Our aim in this paper is
to describe just such an equivalence; in particular, we define an equivalence between a singular block of category O and a
modification of the category O over the finite W-algebra defined by Brundan et al. [5].
Let us be more precise. Recall that if χ : Z(U(g)) → C is a character of the center of U(g) then a U(g)-module M has
generalized central character χ if z − χ(z) acts locally nilpotently on M for all z ∈ Z(U(g)), and that an infinitesimal
block of a category of g-modules is the subcategory of modules with fixed generalized central character.
In this paper, we show that any integral infinitesimal block of parabolic category O for a semi-simple Lie algebra g has
a full and faithful functor Ψ to the category of representations over a finite W-algebra for g corresponding to a nilpotent
eχ which depends on the central character χ of the block. The functor Ψ is obtained by restricting equivalences defined in
previous work by Miličić and Soergel [21] on representations of Lie algebras and Losev [19] on finite W-algebras. Thus, the
new ingredient of this paper is to trace how various finiteness properties are transformed under these equivalences.
The essential image of Ψ (that is, the full subcategory it defines an equivalence onto) has a flavor similar to the category
O for the W-algebra already defined by Brundan et al. [5], but it is subtly different, and appears to be new to the literature.
The reason for its importance is that it is a special case of a definition associating a ‘‘category O’’ to any conical symplectic
resolution of singularities; in this case, the resolution in question is
XQeχ = {(gQ , x) ∈ G/Q × g | x ∈ Adg(q⊥) ∩ S}
where G is the adjoint group of g, Q ⊂ G is a parabolic subgroup and S is the Slodowy slice to the nilpotent orbit G · e. The
variety XQeχ is symplectic and has a deformation contraction to the Lagrangian subvariety of elements where x = eχ , which
is a Spaltenstein variety. Unfortunately, this variety does not seem to have an agreed-upon name; we will refer to it as an
S3 variety.1
E-mail address: bwebster@uoregon.edu.
1 ‘‘S3’’ stands for ‘‘S(lodowy)–S(paltenstein)–S(pringer)’’. We thank/blame Nick Proudfoot for this coinage.
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In particular, this theorem provides a direct link between the geometry of the varieties XQeχ and category O, whose
existence has been suggested by results of Brundan [10,11] and Stroppel [25] relating the cohomology of Spaltenstein
varieties (and thus XQeχ ) to the centers of singular blocks of parabolic category O. The general properties of such categories
and their connection to geometry will be explored more fully in future work by the author, Braden et al. [8].
Now, we turn to giving a more precise description of the essential image. Consider the category C of modules M the
W-algebraWe attached to a nilpotent e such that
• M has the same central character as the trivial module (in particular, the center acts semi-simply on them) and
• every simple composition factor ofM lies in the category O defined by [5].
This category has two subtle differences from the category O’s defined in [4] for U(g) and in [5] for the W-algebra:
• The category C only contains modules where the center acts semi-simply.
• We have no analogue of the condition that the Cartan act semi-simply, which is imposed in [4] (an analogue of this
semi-simplicity is also imposed in [5]).
Let χ be an integral central character of U(g), and Oχ the associated block of category O; each such character has an
associated conjugacy class of Levi subgroups which measure how ‘‘singular’’ the block is. The Weyl group of the associated
Levi is the stabilizer of the highest weight of any highest weight module in the corresponding infinitesimal block under the
dot action. Let eχ be a regular nilpotent in the Levi corresponding to χ .
Theorem .
• The block Oχ is equivalent to the category C for the W-algebraWeχ of the nilpotent eχ via the functor Ψ .• The functor Ψ induces an equivalence between the subcategory of modules locally finite for a parabolic q in Oχ and the
subcategory in C of modules killed by a particular two-sided ideal Jq in the W-algebra.
• The quotient Weχ /Jq is a quantization of the variety XQeχ ; that is, for a particular filtration, we have an isomorphism
gr(Wχ/Jq) ∼= C[XQeχ ].
The proof of the theorem above is organized into three sections. Section 1 covers preparatory results on category O and
Harish-Chandra bimodules; it is likely that many of the results therein are familiar to experts, but they do not seem to have
been written down together in the necessary form anywhere in the literature. Section 2 describes the relationship of these
results to the representation theory of the finite W-algebra, and completes the proof of the first two parts of the theorem
above.
Finally, in Section 3, we also discuss briefly the relationship of these results to geometry. We show that the ideals Jq
appearing above have a natural geometric interpretation which gives a proof of the last part of the main theorem.
Furthermore, we give a short proof of a result which has circulated as a folk theorem: the singular integral infinitesimal
blocks of parabolic category O can be geometrically realized as (N, f )-equivariant (the so-called ‘‘partial Whittaker’’)
D-modules or perverse sheaves on G/Q for a particular character f : N → Ga. This is a classical theorem when f is generic
(going back to a paper of Kostant [17]), and the Q = B case can be derived from Bezrukavnikov and Yun [12, Theorem 4.4.1]
(as we shall explain) but we know of no proof in the literature of the general case.
1. Lie theory
First, we fix notation. Let g ⊃ q ⊃ b = h ⊕ n be a semi-simple complex Lie algebra, a parabolic, a Borel, and a chosen
decomposition of b as a Cartan and its nilpotent radical. Let G ⊃ Q ⊃ B = HN be connected groups with these Lie algebras
(which form of Gwe take is irrelevant to our purposes). Let Z denote the center of the universal enveloping algebra U(g).
Definition 1. We let O be the category of representations of gwhere n and Z act locally finitely.
This category has a natural infinitesimal block decomposition O = O(χ, f ) where the sum runs over characters
χ : Z → C and f : n → C and O(χ, f ) is the subcategory where all the irreducible constituents of the restriction to U(n)⊗Z
are f ⊗ χ . For any integral dominant weight λ, we let χλ be the character of Z acting on the unique irreducible g-module of
highest weight λ.
The category O contains two very natural subcategories:
• O is the subcategory of modules on which h acts semi-simply.
• O′ is the subcategory of modules on which Z acts semi-simply.
These have the same infinitesimal block decomposition as above. We note that O is the most commonly studied of these
categories: in our notation

χ O(χ, 0) is precisely the categoryO originally defined by Bernstein et al. [4], andO(χ, 0) its
infinitesimal block for the central character χ .
It is worth noting that for non-integralχ , the infinitesimal blocksO(χ, 0) are not necessarily blocks in the abstract sense;
they may have further decompositions as the sum of orthogonal subcategories. For several of the categories we consider,
the abstract block decompositions can actually be quite subtle and complicated.
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Wewill also wish to consider the parabolic version of categoryO. LetOq(χ, 0) be the subcategory ofO(χ, 0) consisting
of modules also locally finite for the action of q. One particular special object in Oq(χ0, 0) is the dominant parabolic Verma
moduleMq = IndU(g)U(q) 1, where 1 is the trivial representation of q.
For the entirety of the paper, we will always use f and µ to denote a Lie algebra map f : n → C and a weight µ of g
such that if ∆f is the set of simple roots α whose root spaces are not killed by f , then α∨(µ) = −1 for all α ∈ ∆f and
α∨(µ) ∈ Z \ {−1} for all α /∈ ∆f . In particular, note that f = 0 andµ = 0 are compatible in the sense above; this will be an
important special case for us. Let pf be the parabolic generated by the standard Borel b and the negative root spaces g−α for
α ∈ ∆f .
The starting point for us is an equivalence of categories Φµ : O(χµ, 0) → O(χ0, f ) constructed by Miličić and Soergel
[21, Theorem 5.1]. This functor makes sense for any integral value of µ for any compatible choice of f , so for simplicity
we leave f out from the notation. Our main result of this section will be to understand the effect of the functor Φµ on
subcategories of interest to us.
One case of special interest is the functor Φ0 : O(χ0, 0) → O(χ0, 0). This functor was considered in earlier work of
Soergel [24] to construct an equivalence between O(χ0, 0) and O′(χ0, 0). We let Iq = AnnU(g)Φ0(Mq) and let O′q(χ0, f ) ⊂
O′(χ0, f ) denote the subcategory of modules killed by Iq. We note that Iq∩Z = kerχ0, sinceΦ0(Mq) is a quotient of a Verma
module. Thus any object of O(χ0, f ) killed by Iq is automatically a semi-simple Z module, and therefore in O′(χ0, f ).
Proposition 2. The subalgebra q acts locally finitely and h acts semi-simply on a module X ∈ O(χµ, 0) if and only if
Ann(Φµ(X)) ⊃ Iq; that is, we have an induced equivalenceΦµ : Oq(χµ, 0)→ O′q(χ0, f ).
In particular, setting q = b, we have that h acts semi-simply on X ∈ O(χµ, 0) if and only if Z acts semi-simply onΦµ(X); that
is, we have an induced equivalenceΦµ : O(χµ, 0)→ O′(χ0, f ).
Most of the ideas necessary for the proof of this fact are already in the literature, which for the convenience of the reader,
we now collect into a pair of lemmata.
Lemma 3. For each object X ∈ O(χµ, 0) and each projective functor P : O(χµ′ , 0) → O(χµ, 0), we have an inclusion
AnnU(g)(Φµ(PX)) ⊃ AnnU(g)(Φµ′(X)).
Proof: The Miličić–Soergel result depends on equivalences of categories
χµHχ0
ϕ1−→ O(χµ, 0) χ0Hχµ ϕ2−→ O(χ0, f )
with certain blocks of the categoryH of Harish-Chandra bimodules, defined by fixing the generalized character of the left
and right Z-actions. The equivalence Φµ is given by composing these with the ‘‘flip equivalence’’ F : χµHχ0 → χ0Hχµ , so
we have Φµ = ϕ2Fϕ−11 . There are many such equivalences, one for each compatible choice of µ and f , but for simplicity,
omit them from the notation.
The functors ϕi are both of the form
ϕi(Y ) = lim←− Y ⊗U(g) L
n
i
for an inverse system of representations Lni for i = 1, 2, and n ≥ 0. Thus, for any U(g)-bimodule D, we have ϕi(D⊗U(g) Y ) ∼=
D⊗U(g) ϕi(Y ) and for any two-sided ideal I , we have ϕi(IY ) ∼= Iϕi(Y ).
For any projective functor P : O(χµ′ , 0) → O(χµ, 0) where we let PL denote the functor on U(g)-bimodules given by
acting with the projective functor P on the left. By the same principle, we have Pϕ1 = ϕ1PL.
One important consequence of this fact is that the left annihilator of a bimodule Y coincides with the annihilator of ϕi(Y ).
Thus, ϕ−11 (X) is a Harish-Chandra bimodule whose left annihilator is that of X and whose right annihilator is that ofΦµ(X).
Thus, we have
Ann(Φµ(PX)) = RAnn(PLϕ−11 (X)) ⊃ RAnn(ϕ−11 (X)) = Ann(Φµ′(X))
since any element of U(g)which right annihilates ϕ−11 (X) also right annihilates PLϕ
−1
1 (X). 
Lemma 4. If L1 and L2 are simple, then L2 appears as a composition factor in PL1 for some projective functor if and only if
AnnU(g)(ΦµL1) ⊂ AnnU(g)(Φµ′L2).
Proof: Consider the Harish-Chandra bimodules ϕ−11 (L1) and ϕ
−1
1 (L2). By reversing left and right in [26, Theorem 3.2], we
have
Ann(ΦµL1) = RAnn(ϕ−11 (L1)) ⊂ RAnn(ϕ−11 (L2)) = Ann(Φµ′L2)
if and only if there is a projective functor P such that ϕ−11 (L2) is a composition factor in PLϕ
−1
1 (L1). Applying the equivalence
ϕ1, this is true if and only if L2 is a composition factor of PL1. 
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Proof of Proposition 2. If X is in Oq(χµ, 0), then there is a projective functor P : Oq(χ0, 0)→ Oq(χµ, 0) such that there is
a surjection PMq → X , (this is an old result; it appears as [16, Proposition 22]) and thus, by Lemma 3, we have inclusions
Ann(Φ0(Mq)) ⊂ Ann(Φµ(PMq)) ⊂ Ann(Φµ(X)).
Assume Φµ(X) is killed by Iq. We wish to prove that X is U(q)-locally finite. Since a finite-length module is U(q)-locally
finite if and only if all its composition factors are, we may assume that X is simple. Let Ji be the primitive ideals killing the
composition factors Li of Mq, in the order induced by a Jordan–Hölder series. Then J1 · · · Jm ⊂ Iq ⊂ Ann(Φµ(X)). Since
Ann(Φµ(X)) is prime, we have Ji ⊂ Ann(Φµ(X)) for some i. Thus, by Lemma 4, X appears as a composition factor of PLi.
Since Li is q-locally finite, so is PLi, and thus X .
Finally, we establish the relationship between h-semi-simplicity and Z-semi-simplicity. Applying [21, Theorem 5.3] in
the case where n = 1, we have that a bimodule D ∈ χµHχ0 is semi-simple as a right Z-module if and only if ϕ1(D) is a
module on which the Cartan acts semi-simply, that is, ϕ1(D) is a weight module.
A bimodule E ∈ χ0Hχχ is semi-simple as a left Z-module if and only if E is left annihilated by kerχ0; similarly ϕ2(E) is
semi-simple as a Z-module if and only if ϕ2(E) is annihilated by kerχ0. Since kerχ0 ·ϕ2(E) = ϕ2(kerχ0 ·E), these conditions
are equivalent.
Thus, we have a chain of equivalences
• X is a weight module if and only if
• ϕ−11 (X) is semi-simple as a right Z-module if and only if
• Fϕ−11 (X) is semi-simple as a left Z-module if and only if• Φµ(X) is semi-simple as a Z-module. 
2. Finite W-algebras
Now, we will connect the previous section, which only dealt with representations of Lie algebras, to the study of finite
W-algebras.
The finite W-algebra We is an infinite-dimensional associative algebra constructed from the data of g and a nilpotent
element e ∈ g; geometrically, it is obtained by taking a quantization of the Slodowy slice to the orbit through e. It is
most easily defined as the endomorphism ring EndU(g)(QΞ ,m) of the generalized Gelfand–Graev representation QΞ ,m =
Ξ ⊗U(m) U(g) for a particular nilpotent subalgebra m ⊂ n depending on e, and a one-dimensional representation Ξ of
m constructed using e. We will simplify notation by omitting the subscript and simply writing Q. The map b : We → Q
defined by b(a) = a(1 ⊗ 1) is an injection, and We is often identified with this subspace in Q. The Skryabin functor
− ⊗We Q : We -mod → U(g) -mod is full and faithful; its essential image is usually called the category of Whittaker
modules. For more on the general theory of W-algebras, see [22,13].
There is an isomorphism Z ∼= Z(We), typically referenced in the literature to a footnote to Question 5.1 in the paper
of Premet [23], where Premet gives an argument he ascribes to Ginzburg. This isomorphism allows us to identify central
characters of U(g) andWe.
The algebra We has a category of representations analogous to O above, originating in the work of Brundan, Goodwin
and Kleshchev [5]. This category is associated to a choice of parabolic p such that
• e is distinguished in the Levi l of p and
• p contains a fixed maximal torus t of the centralizer Cg(e) = {x ∈ g|[x, e] = 0}.
This choice of parabolic allows us to put a preorder on the weights of t by declaring that λ ≤ µ if and only ifµ−λ is a linear
combination of weights of t acting on p.
We have a natural inclusion U(t) ↩→ We, (described in [5, Theorem 3.3]) and thus can decompose anyWe representation
by its generalized weight spaces with respect to t.
Definition 5. Let O(We, p) be the category of modules X such that
• t acts on X with finite-dimensional generalized weight spaces.
• the weights which appear in X are contained in a finite union of sets of the form {µ|µ ≤ λ}.
As before,O(We, p) denotes the subcategory on which t acts semi-simply, andO′(We, p) denotes the subcategory on which
Z ∼= Z(We) acts semi-simply.
Alternatively, following [19], we could define the category O(We, p) as the category of We-modules which are locally
finite for the action of the subalgebraW+e ⊂ We of non-negative weight spaces of an element ξ ∈ t acting by the adjoint
action. The parabolic p derived from ξ is precisely the sum of the non-negative weight spaces for the adjoint action of ξ on
g. In Losev’s notation, O(We, p) is denoted O(ξ), and the category we and [5] denote O(We, p), Losev would denote Ot(ξ)
(leaving the nilpotent e implicit).
Definition 6. We denote the subcategory of O(We, p) with generalized central character χ by O(χ,We, p), and the
subcategory where the center Z acts semi-simply (and thus according to the character χ ) by O′(χ,We, p). The category
C defined in the introduction in this notation would be written O′(χ0,We, p).
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We will be primarily interested in the case where after fixing a parabolic p ⊃ b with Levi l, we take e to be a regular
nilpotent in l (for the Borel given by intersectionwith b), andwewill assumewe are in this situation. In type A, all nilpotents
will appear this way, since we can take p to be block upper triangular matrices attached to the Jordan blocks of e; in other
types, there are nilpotents that are not of this form.
Ideals of U(g) and of We are related by a pair of maps: J → JĎ sends two-sided ideals of We to two-sided ideals of
U(g) and I → IĎ goes the opposite direction; these both are defined by Losev in [20, Section 3.4]. As described in [18,
Section 3.5], the ideal IĎ is the preimage b−1(QJ). Alternatively, it is given byWhmm(I) = Hom(Q,Q⊗U(q) I), the biWhittaker
functor of Ginzburg [14, (3.3.2)] applied to J; similarly, Whmm(U(g)/I) = We/IĎ. In particular,We/IĎ is the non-commutative
Hamiltonian reduction of U(g)/I by the action of mwith respect to the one-dimensional representationΞ .
As before, let f : n → C be a fixed character of this nilpotent Lie algebra, and define a nilpotent element e = ef :=∑
i∈∆f Ei. This is a regular nilpotent in the Levi lf of pf .
Proposition 7 ([19]). There is an equivalence
L : O(χ0,We, pf )→ O(χ0, f )
inducing equivalences
O′(χ0,We, pf ) ∼= O′(χ0, f ) O(χ0,We, pf ) ∼= O(χ0, f )
Furthermore,L(X) is killed by Iq if and only if X is killed by Jq := (Iq)Ď ⊂ We.
We denote the subcategory of ideals killed by Jq by Oq(χ0,We, pf ).
Proof. The only part of the equivalences not stated directly in [19, Theorem 4.1] is the equivalence of most interest for us,
that of O′(χ0,We, pf ) ∼= O′(χ0, f ).
By [20, Theorem 4.1(1)], we know that Ann(LX) = Ann(X)Ď; thus under the isomorphism Z(We) ∼= Z , the intersections
Ann(LX) ∩ Z and Ann(X) ∩ Z(We) are identified by [20, Theorem 1.2.2(iii)]. This shows that
(∗): the center ofWe acts semi-simply on X ∈ O(χ0,We, pf ) if and only if the center of U(g) acts semi-simply onL(X).
The ‘‘only if’’ portion of (∗) shows thatL induces a fully faithful functorL : O′(χ0,We, pf )→ O′(χ0, f ). The ‘‘if’’ portion of
(∗) shows that the essential surjectivity ofL implies the essential surjectivity of this restriction. Thus, we have the desired
equivalence.
Now, fix a U(g)-module Y in O(χ0, f ) such that Ann(Y ) ⊃ Iq; we wish to establish that L−1Y is killed by Jq. We have
already noted that Ann(Y ) = Ann(L−1Y )Ď. It follows that
Ann(L−1Y ) ⊃ ((Ann(L−1Y ))Ď)Ď = Ann(Y )Ď
by [20, Theorem 3.4.4]. Furthermore, Ann(Y )Ď ⊃ Jq since (·)Ď preserves inclusion, as is noted by Losev in [20, Section 3.4].
On the hand, if X ∈ O′(χ0,We, pf ) is killed by Jq then LX is a U(g)-module killed by (Jq)Ď, since (·)Ď preserves inclusion
by [20, 1.2.2(i)] applied to the two ideals being compared. Using [20, Proposition 3.4.4] again, (Jq)Ď = ((Iq)Ď)Ď ⊃ Iq and LX
is killed by Iq. 
To recap, if µ is an integral weight of g such that µ + ρ is dominant integral, and e is the principal nilpotent of the
Levi in the parabolic pf corresponding to the stabilizer of µ + ρ under the usual action of W on weights, then combining
Propositions 2 and 7, we obtain our main theorem.
Theorem 8. There is an equivalence Ψ = L−1 ◦ Φµ : Oq(χµ, 0) ∼= O′q(χ0,We, pf ).
3. Relationship to geometry
In order to give the reader some feeling for the ‘‘meaning’’ of the ideal Iq, we will briefly indicate its relationship to
geometry.
We have the G-space G/Q , and as with any G-space, a map α : U(g)→ D(G/Q ) to the ring of global differential operators
on G/Q sending a Lie algebra element to the corresponding vector field. For i in the Dynkin diagram of g, we let i¯ be the
unique node such that αi = −w0(αi¯). This Dynkin diagram automorphism induces an automorphism τ : g → g sending
Fi → Fi¯, Ei → Ei¯. We let q¯, Q¯ be the parabolic subalgebra and subgroup which are the image of q and Q under this
automorphism.
Proposition 9. The map α ◦ τ induces an isomorphism D(G/Q ) ∼= U(g)/Iq. In particular, in the induced order filtration on
U(g)/Iq, we have an isomorphism gr(U(g)/Iq) = C[T ∗G/P], and Iq is prime.
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Proof. Borho and Brylinski [2, 3.8] show2 that kerα is the annihilator of a simple parabolic Verma module Lq with highest
weight 2ρQ − 2ρ = wQ0 w0(ρ) − ρ, where wQ0 is the longest element in WQ ⊂ W ; this is the unique simple parabolic
Verma module with central character χ0. If we twist the action of g on Lq by τ , we obtain Lq¯, the simple with highest weight
2ρQ¯ − 2ρ = w0wQ0 (ρ)− ρ. We let I := Ann(Lq¯) = kerα ◦ τ . Thus, we need only show that I = Iq.
It is a theorem of Irving [15, Section 4.3] that any two simpleswhich both appear in the socle of a parabolic Vermamodule
for q are in the same right cell. In particular, the socle of Mq is in the same right cell as Lq. Thus, the socle of Φ0(Mq) is in
the same left cell as Lq¯, and so these simple modules have the same annihilator. Since any ring element annihilatingΦ0(Mq)
annihilates its socle, we have that Iq ⊂ I .
Let d(M) denote the Gelfand–Kirillov dimension of a g-module M; this is the degree of the Hilbert polynomial of the
associated graded ofM in any good filtration. We now recall certain facts from [15]:
• The socle ofMq is irreducible [15, Section 4.1]; thus, the socle ofΦ0(Mq) is as well.
• A simple in Oq(χ0, 0) has Gelfand–Kirillov dimension equal or greater to d(socMq) if and only if it lies in the same right
cell as socMq [15, Section 4.3, (iv) & (v)]; again, the same holds forΦ0(Mq) sinceΦ0 preserves G-K dimension.
• If a simple in the right cell as socMq appears as a composition factor the parabolic Verma module of highest weight
wρ − ρ, then it is the socle and appears nowhere else in the composition series of a parabolic Verma module of highest
weight w′ρ − ρ with w′ ≤ w in Bruhat order [15, Section 4.6, Proposition 1]. In particular, so such composition factor
can occur inMq/ socMq.
SinceΦ0 preserves Gelfand–Kirillov dimension, we have that
(∗) No composition factors ofΦ0(Mq)/ socΦ0(Mq) have Gelfand–Kirillov dimension greater than or equal to d(socΦ0(Mq)).
Now, consider the multiplication map
m : I ⊗U(g) Φ0(Mq)→ Φ0(Mq).
Since I kills socΦ0(Mq), this factors through a map
m˜ : I ⊗U(g) (Φ0(Mq)/ socΦ0(Mq))→ Φ0(Mq).
By (∗), we know that d(Φ0(Mq)/ socΦ0(Mq)) < d(socΦ0(Mq)). Tensor product with a Harish-Chandra bimodule can only
decrease G-K dimension, so we have that
d(im m˜) ≤ d(Φ0(Mq)/ socΦ0(Mq)) < d(socΦ0(Mq)).
If im m˜ ≠ 0, then it must contain socΦ0(Mq), which is impossible by the dimension equality. Thus m˜ = 0 and consequently,
m = 0. That is to say, I annihilatesΦ0(Mq), and so Iq = I .
This isomorphism, followed by the symbol map on differential operators induces an isomorphism gr(U(g)/Iq) ∼=
C[T ∗G/Q ]. Since the associated graded of U(g)/Iq is the global function ring of an irreducible quasi-projective variety, the
associated graded is an integral domain, and thus so is U(g)/Iq. 
As discussed by Borho and Brylinski, the filtration induced on U(g)/Iq by this isomorphismmay ormay not coincide with
that induced by the usual PBW filtration on U(g); see [2, Theorem 5.6]. The order filtration, in turn, induces a good filtration
onWe/Jq.
The associated graded of the algebraWe/Jq this respect to this filtration also has a geometric description, though it is a bit
less familiar. Let S ⊂ g ∼= g∗ denote the Slodowy slice e+ker adϕ where e and ϕ generate an sl2 as the Chevalley generators.
We let πQ : T ∗G/Q → g∗ be the canonical moment map for the G-action; this is an analogue of the Springer map defined by
identifying the cotangent fiber over the coset gQ with (Adgq)⊥. As in the introduction, we let XQe denote the fiber product
T ∗G/Q ×g∗ S. By [14, Corollary 1.3.8] applied to the map πQ , this variety is smooth of dimension dim T ∗G/Q −dimG · e, and
it is symplectic, since it can also be described as the symplectic reduction of T ∗G/Q by the action of connected subgroup
M ⊂ Gwith Lie algebra m.
Proposition 10. The associated graded of We/Jq is isomorphic to C[XQe ], the ring of global functions on XQe . In particular, Jq is
prime and JĎq = Iq. The Skryabin functor defines an equivalence betweenWe/Jq-modules and Whittaker modules over U(g)/Iq.
Proof. We apply [14, Theorem 4.1.4(i)] to the bimodule U(g)/Iq; the associated graded of U(g)/Iq is the ring of global
functions C[T ∗G/Q ], so the associated graded of We/Jq = Whmm(U(g)/Iq) is C[T ∗G/Q ] ⊗C[g∗] C[S] ∼= C[XQe ]. Since this
is the ring of functions on a smooth quasi-projective variety, it is a domain, and so isWe/Jq.
Finally, note that V (gr Jq) = (G · q⊥ ∩ S) and so Jq is admissible. Since Jq is minimal over itself, [20, 1.2.2(vii)] implies that
JĎq = Iq. Given any moduleM overWe such that Ann(M) ⊃ Jq, we have that Ann(M ⊗We Q) = Ann(M)Ď ⊃ Iq, and vice versa
for any Whittaker module killed by Iq. 
2 We thank the referee for pointing out this reference.
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Remark 11. In fact, the algebrasU(q)/Iq andWe/Jq have deeper ties to geometry than the theorems abovemake clear. There
is a ‘‘geometric category O’’ attached to a symplectic variety X and a Hamiltonian C∗-action on X (which plays the role of
choosing a Borel for usual category O). This is a category of sheaves of modules over a quantization of the structure sheaf
on X (in the sense of [7, Definition 1.3]) satisfying certain geometric properties.
When applied to the varieties XQe , the categories we arrive at are exactly O
q(χµ, 0), and the equivalence is given by
applying a (modified) sections functor to arrive in the category of modules overWe/Jq, and then applying the equivalence
of Theorem 8. A precise description of this construction requires an investment in technology which there is no space for in
this paper, and will be given in a forthcoming paper of the author, Braden et al. [8]; much of the set-up is done in the special
case of hypertoric varieties (another class of symplectic varieties) in [9, Section 5].
Interestingly, the results of this section allow us to establish a conjecture which had appeared in an unpublished
manuscript of Bezrukavnikov and Mirković, and which had been previously studied by the author and Stroppel.
Definition 12. We say that a D-moduleM on G/Q is (N, f)-equivariant if the action of n onM by n · m = αnm − f (n)m
(where αn is the vector field given by the infinitesimal action of n on G/Q ) integrates to an N-equivariant structure onM.
Some authors use ‘‘strongly equivariant’’ for this form of equivariance.
In the case where Q = B, these D-modules are studied by Ginzburg in [14, Section 5], where he calls them ‘‘Whittaker
D-modules.’’
There is also a version of (N, f )-equivariance for perverse sheaves on G/Q , though in the algebraic category this can only
be made sense of using perverse sheaves on the characteristic p analogue of G/Q (for more on this approach, see [3]). In
this case, we let f ′ be a character f ′ : N/Fp → Ga/Fp such that∆f ′ = ∆f and consider an Artin–Schreier sheaf pulled back
from Ga/Fp by f ′, which we denote by A. A (N,A)-equivariant sheaf is a pair of a sheaf G together with an isomorphism
a∗G ∼= A  G of sheaves on N × G/Q , where a : N × G/Q → G/Q is the action map. Of course, this map must satisfy an
associativity property aswith usual equivariance. Such sheaves are sometimes called ‘‘partialWhittaker’’ or ‘‘Whittavariant’’
sheaves and are discussed in detail in [12, Section 3.1].
Corollary 13. The category Oq(χµ, 0) is equivalent to the category of (N, f )-equivariant D-modules on G/Q (and thus also to
the category of (N, f ′)-equivariant perverse sheaves on G/Q , with all groups considered as algebraic groups over Fp).
Proof. By Beilinson–Bernstein [1], the sections functorDG/Q −mod → U(g)/Iq −mod is an equivalence. IfM is a (N, f )-
equivariantD-module, then the action ofU(n) onΓ (M) is locally finite, withCf being the only representationwhich appears
in the composition series, soM ∈ O′q(χ0, f ). On the other hand, ifM ∈ O′q(χ0, f ), then the f -twisted n-action via differential
operators on the localization will integrate to an (N, f )-action. 
Remark 14. As we noted earlier, the B = Q case of this can be derived from the ‘‘paradromic/Whittavariant’’ duality of
[12, Theorem 4.4.1]. Bezrukavnikov and Yun establish a Koszul duality between the category of (N, f ′)-equivariant perverse
sheaves on G/B (in their notation, B is denoted I) and the category of N-equivariant perverse sheaves on G/Pf ′ , which is
equivalent to O
pf ′
0 by [6, 3.5.3]. That the Koszul dual of the latter category is a singular block of category O is the main
theorem of [6] (Theorem 1.1.3). Stringing together these equivalences gives that between a singular block of categoryO and
Whittaker sheaves on G/B for f ′.
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